A strongly heterogeneous strati ed elastic medium occupies a slab of nite thickness. The medium parameters vary randomly with correlation length of O 2 . A pulse with O w avelength enters the slab at one end. It travels coherently through the slab with a slowness near to that predicted by e ective medium theory. Relative to a certain realization-dependent co-moving frame of reference the pulse stabilizes to its mean as tends to zero. It broadens as it travels as in the O'Doherty-Anstey theory, but here the variations in medium properties are not assumed to be small as in that theory, and the pulse travels with a travel time di ering signi cantly from the characteristic rst arrival time.
Introduction
In this paper we study the evolution of an initially pulse-like acoustic wave eld as it travels through a rapidly varying medium where the variations are nite in amplitude, i.e. not assumed to be weak. The ratio of the length scale of the medium variations to the wavelength is the same as the ratio of the wavelength to the distance traveled, and is small. This ratio is used as a small parameter for an asymptotic analysis which shows that if a reference frame is suitably chosen, moving at a slowness close to that predicted by the e ective medium theory, the waveform consists of a stabilized pulse head plus a uctuating coda, the latter decaying with the small parameter. This situation is illustrated in Figure 1 . Here, for numerical illustration the medium consist of a stack o f many uniform layers where the properties change by nite amounts from one layer to the next. A Gaussian pulse enters the stack at one end and the forward propagating wave eld is observed after traversing 10000 layers. The waveform is again a Gaussian pulse accompanied by a uctuating coda. The time of arrival is close to the time predicted by e ective medium theory, 1.45 as opposed to 1.41.
A similar phenomenon was observed for weak variations by O'Doherty and Anstey 18 and has been extensively studied since 2,4,5,6,9,16,17 . On the other hand the coda of the wave has been studied thoroughly even when the variations are nite 1, 7, 8, 15, 19 and that work already contained some numerical examples showing the pulse-like head of the wave.
In our analysis we regard our rapidly varying medium as a single typical realization of a stochastic process, whose correlation length is on the same scale as the medium variations. We then nd an exact formula for the space-time trajectory of the centroid of the pulse, which travels at close to the e ective slowness, and for the shape of the stabilized pulse, which appears to di use about its centroid as it travels, the rate of di usion being proportional to the integral of the autocorrelation function of the medium parameters.
The theory starts from rst principles, namely the momentum equation and the linearly elastic constitutive l a w. We study the limit as the small ratio of scales tends to zero and our results are true almost surely with respect to the underlying probability measure. The analysis is based on invariant imbedding equations for the time-harmonic re ection and transmission coe cients. The recognition of the importance of the invariant i m bedding technique to the analysis of multiple scattering came with the series of papers mentioned above 1 ,7,8,15,19 , devoted to the behavior of the coda which follows the main pulse. Here, a new insight i n to the versatility of the invariant i m bedding technique enabled us to nd a moving reference frame relative to which the pulse stabilizes to a deterministic waveform. This co-moving frame moves at the deterministic e ective slowness with a realizationdependent correction. It is analogous to the stabilization observed by Stanke and Burridge in the O'Doherty-Anstey regime 10 .
In Section 2 we state the hyperbolic system of one-dimensional linear acoustics and introduce the small parameter , the common ratio among the three length scales. Section 3 describes an e ective medium approximation based upon homogenization. It is valid for wave propagation over distances on the same order as the wavelength. In Section 4 we consider wave propagation ove r a m uch longer distance. We de ne the up-going and down-going amplitudes A and B and also the random travel time relative to which the pulse is stabilized. Our main result is stated as Theorem 1 where a precise formula for the stable pulse shape is given. When the incoming pulse is Gaussian then it is a Gaussian in time which appears to di use as the distance traveled increases. Here time and space have roles which are the reverse of those usual in di usion. In Section 5 we i n troduce a time-harmonic re ection coe cient , and a time-harmonic transmission coe cient which together satisfy a non-linear rst order system of ODE's. We then obtain the integral representation for the quantity o f i n terest, the transmitted pressure, in terms of the time-harmonic transmission coe cient. The stabilization of the pulse as converges to zero is seen from the evaluation of the variance of the transmitted pressure, i.e the di erence between the second moment and the square of the mean. In Section 6 we present the analysis of the moment equations, which is based on the theory of mixing stochastic di erential equations as described in the Appendix. The formula for the mean of the transmitted pressure yields the waveform of the stable pulse. This proves our main result that the waveform is stabilized when it is observed in the correct reference frame. In Section 7 we consider the evolution of the pulse relative to a frame of reference moving with the e ective slowness. Here the pulse does not stabilize and its mean is considerably broader than the stable pulse, because of the random time-di erences between the two co-moving frames. The results of this section were also obtained by Clouet and Fouque 11 by similar methods. In Section 8 are displayed some numerical illustrations which illustrate how the pulse tends to the stable waveform as the small parameter converges to zero, and also how i t varies as the depth of observation increases, or as the variance of the medium properties changes. In the Appendix we state the main theorem about mixing stochastic di erential equations that we need and we derive from it the moment equations which w e use in Section 6.
Formulation of the problem
We consider propagation of acoustic pulses in a layered medium. The linearized equation of momentum and the constitutive relation for the component of particle velocity perpendicular to the layering uz;t and the pressure pz;t are u t + p z = 0 ; K ,1 p t + u z + p = 0 : 1 where z is a cartesian coordinate, ,z is thought of as depth into the earth, t is time, and = z, K = Kz and = z are the density, bulk modulus and absorption of the medium, respectively. The wave is incident on the layered random medium ,L z 0 from the homogeneous half space z 0 in the form of an impulse of short time duration. We assume the incident pulse to be u I z;t = ,1=2 scaling the leading part of the propagating pulse appears to retain its initial amplitude, regardless of the strong re ection coe cients that result from large inhomogeneities in the structure of the material.
The main interest of our work is the long time evolution of the pulse for the intermediate-scale incident w ave in the rapidly oscillating medium. Starting from rst principles i.e. the wave equation 1, we i n vestigate the travel time of the pulse and its shape.
E ective medium theory
The simplest approximation theory for the propagation of long waves in a homogeneous medium is the e ective medium theory obtained by homogenization, which states that waves propagate as in a homogeneous medium whose density and compliance are constants related to the original parameters. Note that in our case, the wavelength being of order O and the size of inhomogeneities being of order O 2 , we deal in fact with the problem of long wave propagation. However, the e ective medium theory is restricted to propagation over distances of the order of a wavelength and, therefore, is not appropriate for our problem where the distance of propagation is on the order of 1= wavelengths. Nevertheless, the parameters of the e ective medium model are the rst approximation to the parameters of the long time evolution model we develop in next section, as the latter must reduce to the former for short times. Therefore, we show here brie y how t o n d the e ective parameters for the one-dimensional acoustic equation 1 with a long incident pulse and rapid uctuations in the medium parameters.
To study the e ective medium approximation we i n troduce the intermediate space and time variablesz = z= ;t = t= . Neglecting absorption, equations 1 become ut + pz = 0 ; K ,1 pt + uz = 0 : 7 with -independent initial conditions for pz;t = 0 ; u z;t = 0. In the case of constant pro les 1 1 ; K 1 K 1 the coe cients ; K in equation 7 are functions of the fast variablez= .
To simplify the analysis we assume ; K to be periodic. The random case yields the same e ective parameters after a more complicated derivation. The multiple scale expansion method yields the e ective equations as follows: let p = p 0 t;z;z + p 1 t;z;z + ; u = u 0 t;z;z + u 1 t;z;z + ; 8 where the dependence on y = z= is assumed to be periodic. Writing @ @z + 1 @ @y instead of @ @z in 7, substituting 8 into 7 and equating the coe cients of consecutive p o wers of to 0 we obtain: the ,1 -equations imply that p 0 ; u 0 are y-independent, the solvability conditions for the 0 -equations require that h iu 0;t + p 0;z = 0 ; hK ,1 ip 0;t + u 0;z = 0 ;
The travel time according to which the pulse stabilizes is determined by a unique , which is de ned in the Theorem below.
Note that A; B, the amplitudes of the up-going and down-going waves, are centered in time relative to the system of characteristics" t + 0 z = const; t, 0 z = const de ned by the long-distance travel time 0 , with the time coordinate of B measured relative to the down-going characteristic t+ 0 z = 0 starting from the interface z = 0 and the time coordinate of A measured relative to the up-going characteristic t , 0 z = ,2 0 ,L see Figure 2 .
The quantity o f i n terest is the transmitted pressure, which is represented in 11 by the downgoing wave B, for times t near its arrival time , 0 z at the depth z: Thus, we observe both attenuation, since the height of the pulse decreases according to e ,Uz 1 + V z=v I ,1=2 as z , 1 , and broadening, since the pulse width increases as v I + V z 1=2 as z , 1 .
Note that the attenuation of the pulse is due to both absorption, by the factor e ,Uz , and multiple scattering, by the factor 1 + V z=v I ,1=2 . Pulse broadening is due to multiple scattering only, h o wever. This allows us to discriminate between absorption intrinsic attenuation and attenuation due to multiple scattering very accurately. We measure the peak of the pulse that passes by observation points at di erent depths z and estimate the slope as a function of z of the logarithm of this amplitude. A more precise way to estimate Uz is to rst estimate V z from the broadening of the pulse at di erent observation points z and then to estimate Uz from the logarithm of the peak amplitude Uz = , log Bz;0 + log s v I v I + V z :
These estimations are robust because they do not depend on the unknown random time at which the pulse passes by di erent observation points, which is precisely the situation covered by our theory.
The center of the pulse travels with travel time 0 . Note that this is not the e ective travel where ' denotes the equality up to the error of order O . Therefore, unless the medium is homogeneous: 0; 0, there is always a discrepancy between the rst arrival time c z, when the rst non-zero disturbance reaches depth z, and the true long-distance travel time z, when the main pulse reaches depth z.
We note that in order to nd the limiting waveform 16 at the depth z we need only the information about the medium-related parameters between source and receiver, i.e. z 0 ; ; z 0 ; for z 0 2 z;0 . This exempli es the fact that the wavefront, as it travels, feels only the traversed part z;0 of the medium, although, as we noted above in 21, the hyperbolic domain of dependence at point z; 0 z reaches much deeper into the medium than z as the characteristic speed is grater than the e ective speed. This property con rms our intuition that the pulse, although it consists of multiple re ections, behaves as a single entity.
Finally, w e note that the transmitted eld p TR that emerges from the slab at z = ,L constitutes the whole pressure eld at this depth, as the homogeneous half space z ,L does not support any up-going waves. Thus, in spite of the fact that we observe only the down-going, transmitted, part of the pulse in its passage through the medium, eventually, a t z = ,L, the pulse-shape formula 16 contains the whole total pulse.
In the rest of the paper we shall assume for simplicity that absorption is absent, 0. It can be easily included in the calculations to yield the result stated in our theorem. The subscript X on F X ; G X derives from the signi cance of F X ; G X in the larger system 64, 65. The operators F X ; G X have special properties: F X has mean zero with respect to its second, random, rapidly varying, argument q = qz= 2 = z= 2 ; z= 2 ; z= 2 and both F X and G X depend on the deterministic rapidly varying argument z= through a periodic function. The asymptotic behavior of this type of equation is well understood 13 . In the Appendix we summarize the relevant theory that yields the following result: Comparing the coe cients of ! 2 in the exponents in of formulas 59 and 16 we see a discrepancy of 1 2 V + . It is the factor e ,i!T in 56 which increases the variance of the modifying Gaussian kernel. This factor corresponds to uctuations in the time lag between coordinate frames F r and F e . In fact the pulse shape 59 is the convolution in time of the stable pulse shape 16 with the probability density of the travel time di erence 57 between the e ective travel time e and the stabilizing travel time. This shows again that waveform stabilization is not observed in any frame other than F r .
We note also that in the special case of constant density, i.e. 0, and uctuating bulk compliance, for constant mean parameters 1 z 1 ; K 1 z K 1 , formula 59 reduces to an expression originally found in 1 formula 3.183.
Numerical experiments
We conducted a series of numerical experiments to illustrate the approximate pulse-evolution theory. We considered a Goupillaud medium, without absorption, where the density is the reciprocal of the bulk compliance, so that the characteristic slowness 2 is unity, and both are stepwise constant functions with discontinuities equally spaced along the depth axis. The evolution equations 1 simplify in that case to a system of algebraic relations for the amplitudes of the up-and downgoing waves at the interfaces between consecutive l a yers see for details 3 . The exact solution of 1 generated according to this scheme was compared with the limiting wavefront formula 16 In Figures 3,4 ,5 we illustrate di erent aspects of our theory. In each gure there are two curves: the observed exact down-going pulse the wriggling line and the limiting waveform the stable line. The time axis is centered around the long-distance travel time, i.e. 0 corresponds to the arrival time , 0 z and it is scaled in units of length O , i.e. according to the pulse width scale. Figure 3 illustrates the convergence of the observed pulse to the limiting waveform. We clearly see that as decreases to 0, the discrepancy between the two curves decays to 0. This picture is typical of all experiments conducted. Figure 4 illustrates the in uence of the depth of observations on the shape of the pulse: as depth ,z increases the pulse broadens and attenuates. In Figure   5 w e observe that a similar e ect appears when the magnitude of the uctuations increases, i.e increases. This is understandable in view of formula 17: the variance of the Gaussian kernel that modi es the initial pulse increases with both the depth and with the magnitude of the uctuations in medium parameters.
Finally, in Figure 6 we observe the down-going pulse not just for times near the travel time but for much later times as well. The time axis in this gure is scaled according to the pulse width scale as in the previous gures, but now the axis is centered around the rst arrival time c . W e see that there is a rapidly and randomly uctuating coda that follows the main pulse. The behavior of the coda, which is clearly not described by our deterministic limiting waveform 16, is studied by the W-equation method in 1 . 
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We note here that in the expression 66 all terms with deterministic, rapidly oscillating factors disappear, since lim 
